We study the existence and multiplicity of asymmetric positive solutions of a semilinear elliptic equation on finite cylinders with mixed type boundary conditions. By using a Nehari-type variational method, we prove that the numbers of asymmetric positive solutions are increasing without bound when the lengths of cylinders are increasing. On the contrary, by using the blow up technique, we obtain an a priori bound for positive solutions and then prove that all positive solutions must be symmetric when the cylinders are short enough.
INTRODUCTION
Let co be a bounded smooth domain in W, n > 1, a > 0, and Qa = (-a, a) x co be a finite cylindrical domain in K"+1 = {(x, y) : x € E1 and y e W}. In this paper, we shall study the existence and multiplicity of positive solutions of the following semilinear elliptic equation with mixed type boundary conditions (1.1) Au + f{u) = 0 inQa, ( A solution u € C2(£la) of (1.1)-(1.3) is said to be symmetric (with respect to the x-axis) if u is constant along the x-axis, i.e., u = u(y) and satisfies (1.4) Au + f(u) = 0 in co, (1.5) u = 0 on dco. Previously, it has been known that there is an asymmetric solution when a is large enough. In this paper, we answer the problem (P) partially, and hope it will lead to more complete results of the problem. The main results are as follows. The last two theorems indicate that there are asymmetric bifurcations at certain critical numbers a*., aj-»oo as k -> oc, and the bifurcation branches will go to the direction of increasing a . However, we still need more rigorous justifications.
To prove Theorem 1.1, we need to study the problems of asymmetric instability of symmetric positive solutions and then use a Nehari-type variational method to prove that there exist asymmetric positive solutions when all symmetric positive solutions are unstable with respect to certain asymmetric mode.
To prove Theorem 1.2, we need to obtain some a priori bounds for positive solutions of (1.1)-(1.3) and then prove that asymmetric positive solutions cannot exist when the cylinders are short enough.
As for the related problems, the problems of symmetry-breaking of positive radial solutions on a ball were studied in [4, 6, [15] [16] [17] , on annular domains in [3, 5, 8-11, 18, 19] , and on sectorial domains in [2, 12] .
The paper is organized as follows. In §2 we study the linear eigenvalue problems and obtain some asymmetric instability results for symmetric positive solutions for long cylinders. In §3 we prove the existence of asymmetric positive solutions for long cylinders. In §4 we prove the nonexistence of asymmetric positive solutions for short cylinders.
Linearized eigenvalue problems
Let g e C(co). Consider the following linear eigenvalue problem:
Then there is the sequence {v\,v2,...} = {v\ {g), v2{g), ...} of eigenvalues of (2.1) Let Mo be any symmetric positive solution and v\ = u\(uo) be the least eigenvalue of (2.1) and (2.2) with g(y) = f'(uo(y)). Then we have the following estimate for ^i(wn). is a solution of (1.1)-(1.3), then u is positive in Q. Indeed, by (H-0) and the maximum principle, the minimum of u in Q.a is achieved on dQa ■ On the other hand, by (1.3) and the strong maximum principle, the minimum cannot be achieved on {-a, a) xco. Hence the minimum will be achieved on [-a, a] x dco, which implies u is positive in Qa.
(ii) There exist positive solutions of (1.1)-(1.3) and (1.4) and (1.5), respectively, see, e.g., [1, 14] .
Long cylinders
In this section, we shall prove that if the cylinders are long enough, a > ak , then there exist at least /c-many asymmetric positive solutions. We shall use a Nehari-type variational method.
For any function u defined on Q.a , it can be extended to u on £1^ = (-oo, oo) x co. In fact, we first define u(x, y) -u(2a -x, y) for x e (a, 3a) and y £ co, a reflection with respect to x -a. Then « is extended to the whole of Q^o by 4a periodically along x-axis. Due to the Neumann boundary conditions on {-a, a] x co, the eigenfunctions wkj and solutions of (1.1)-(1.3) can be extended smoothly on ^lx in this way. To prove Theorem 1.1, we need the following result, which indicates that asymmetric minimizers are different for different modes. Proof. Under the assumptions of (H-0)-(H-3), it is rather standard to verify that the Palais-Smale condition holds, see, e.g., [1, 14] . Therefore, the minimizers of Ik and /oo are achieved by some functions uk e Vk and «o € K» for all k. 
Short cylinders
In this section, we shall prove that there is no asymmetric positive solution of (1.1)-(1.3) when the cylinders are short enough.
We need the following a priori estimates. 
